We present our determination of the nuclear supermassive black hole mass (SMBH) function for spiral galaxies in the local universe, established from a volume-limited sample consisting of a statistically complete collection of the brightest spiral galaxies in the southern (δ < 0
1. INTRODUCTION Strong evidence suggests that supermassive black holes (SMBHs) reside in the nuclei of most galaxies and that correlations exist between the mass of the SMBH and certain properties of the host galaxy (Kormendy & Richstone 1995; Kormendy & Gebhardt 2001) . It is therefore possible to conduct a census by studying the numerous observable galaxies in our universe in order to estimate demographic information (i.e., mass) for the population of SMBHs in our universe. Following the discovery of quasars (Schmidt 1963 ) and the early suspicion that their power sources were in fact SMBHs (Salpeter 1964; Lynden-Bell 1969) , the study of quasar evolution via quasar luminosity functions (QLFs) has resulted in notable successes in understanding the population of SMBHs in the universe and their mass function. But, studies of the supermassive black hole mass function (BHMF) have left us with no clear consensus, especially at the low-mass end of the spectrum.
It is of particular interest to understand the low-mass end of the BHMF in order to understand how the QLF of past epochs evolves into the BHMF of today (Shankar 2009 ). It is now widely accepted that black holes in active galactic nuclei (AGN) do not generally accrete at the Eddington limit (Shankar 2009 ). This is not a problem for the brightest and most visible AGN, presumably powered by large black holes accreting at a considerable fraction of their Eddington limit. Smaller black holes cannot imitate this luminosity without accreting at super-Eddington rates. However, one cannot know whether a relatively dim quasar contains a small black hole accreting strongly or a larger black hole accreting at a relatively low rate (a small fraction of its Eddington limit). It is therefore not easy to tell what the BHMF was for AGN in the past, because it is non-trivial to count the number of lowermass black holes (those with masses in the range of less than a million to ten million solar masses). However, if we counted the number of local lower-mass black holes, the requirement that the BHMF from the quasar epochs evolve into the local BHMF could significantly constrain the BHMF in the past, as well as determine a more complete local picture. Thus, one should pay attention to late-type (spiral) galaxies, since a significant fraction of these lower-mass black holes are found in such galaxies (our own Milky Way being an example).
Some indicators of SMBH mass such as the central stellar velocity dispersion (Gebhardt et al. 2000; Ferrarese & Merritt 2000) or Sérsic index have been used to construct BHMFs for early-type galaxies (e.g., . They have been used also to study late-type galaxies, but not always with success because these quantities are defined for the bulge component of galaxies, measuring them in disk galaxies requires decomposition into separate components of the galactic bulge, disk, and bar. Thus, we are currently handicapped in the study of the lowmass end of the BHMF by the relative scarcity of information on the mass function of spiral galaxies. One approach has been to use luminosity or other functions available for all galaxy types in a sample to produce a mass function based upon the relevant scaling relation (Salucci et al. 1999; Aller & Richstone 2002; Shankar et al. 2004 Shankar et al. , 2009 Tundo et al. 2007) . Our approach contrasts with this one by taking individual measurements of a quantity for each galaxy individually in a carefully selected and complete local sample.
Recently, it has been shown that there is a strong correlation between SMBH mass and spiral arm pitch angle in disk galaxies (Seigar et al. 2008; Berrier et al. 2013 ). This correlation presents a number of potential advantages for the purposes of developing the BHMF at lower masses. First, there is evidence that it has lower scatter when applied to disk galaxies than any of the other correlations that have been presented (Berrier et al. 2013) . Second, the pitch angle is less problematically measured in disk galaxies than the other features, which is likely the explanation for the lower scatter. It does not require any decomposition of the bulge, disk, or bar components besides a trivial exclusion of the central region of the galaxy before the analysis (described below in §2.1). Finally, it can be derived from imaging data alone, which is already available in high quality for many nearby galaxies.
It may be objected that the spiral arm structure of a disk galaxy spans tens of thousands of light years, many orders of magnitude greater than the scale (some few light years) over which the SMBH is the dominating influence at the center of a galaxy. However, as with other correlations of this type, the spiral arm pitch angle does not directly measure the black hole mass, rather it is a measure of the mass of the central region of the galaxy (the bulge in disk-dominated galaxies). The modal density wave theory (Lin & Shu 1964 ) describes the spiral arm structure as a standing wave pattern created by density waves propagating through the disk of the galaxy. The density waves are generated by resonances between orbits at certain radii in the disk. As with other standing wave patterns, the wavelength, and therefore the pitch angle of the spiral arms, depends on a ratio of the mass density in the disk to the "tension" provided by the central gravitational well, and thus to the mass of the galaxy's central region. In the case of spiral density waves in Saturn's rings, the dependence of the pitch angle on the ratio of the disk mass density to the mass of the central planet has been conclusively shown (Shu 1984) . In galaxies, the central bulge provides (in most cases) the largest part of this central mass. Since it is well known that the mass of the central SMBH correlates with the mass of the central bulge component, it is not at all surprising to find that it also correlates with the spiral arm pitch angle (further details can be found in Berrier et al. 2013) .
The pitch angle (P) of the spiral arms of a galaxy is inversely proportional to the mass of the central bulge of a galaxy; specifically
where M Bulge is the bulge mass of the galaxy. This is a requirement of all current theories regarding the origin of a spiral structure in galaxies. Since the bulge mass is directly proportional to the velocity dispersion of the bulge via the virial theorem, i.e.,
where G is the universal gravitational constant and R is the radius of the bulge; and the nuclear SMBH mass is directly proportional to the velocity dispersion via the M-σ relation, i.e., M ∝ σ α ,
with α = 4.8 ± 0.5 (Ferrarese & Merritt 2000) ; it therefore follows that the mass (M) of the nuclear SMBH must be indirectly proportional to the pitch angle of its host galaxy's spiral arms, i.e., M ∝ 10
as shown in Equation (6). Admittedly, galaxies are complex structures. However, a number of measurable features of disk galaxies are now known to correlate with each other, even though they are measured on very different length scales (e.g., σ, bulge luminosity, Sérsic Index, and spiral arm pitch angle). Each of these quantities is influenced, or even determined, by the mass of the central bulge of the disk galaxy, and this quantity in turn seems to correlate quite well with the mass of the central black hole. The precise details of how this nexus of what we might call "traits" of the host galaxy correlate to the black hole mass is still subject to debate (see for instance Läsker et al. (2014) , which shows that central black hole may correlate equally well with total galaxy luminosity as with central bulge luminosity). Nevertheless, what seems to link the various galaxy "traits" (such as pitch angle, σ, and so on) is that they are all measures of the mass in the central regions of the galaxy.
That this hidden feature of galaxies, the black hole mass, should be indirectly estimable from measurements of highly visible morphological features, such as pitch angle, is a considerable boon to astronomers. Pitch angle, as a marker for black hole mass, has a number of distinct advantages over other possible markers. It is obtainable from imaging data alone. It is quite unambiguous for many spiral galaxies, whereas other quantities, such as σ or Sérsic index, depend upon the astronomer's ability to disentangle bulge components from bar and disk components. Finally, while σ or stellar velocity dispersion depends on the size of the slit used in spectroscopy, with one particular size giving the desired correlation with black hole mass, pitch angle can be considered relatively constant for any annulus-shaped portion of the disk (as long as the spiral arm pattern is truly logarithmic, which is usually the case for all but the very outermost part of the disk). This combination of advantages may permit pitch angle to be used on even larger samples in the future, yielding a better understanding of the evolution of the black hole mass function and its properties in different parts of the universe.
It is worth mentioning the point made by Kormendy et al. (2011); Kormendy & Ho (2013) that the M-σ relation may not work at all for spiral galaxies with pseudo-bulges rather than classical bulges. This viewpoint has been controversial (e.g., Graham 2011), but it is born out of the observation that σ is defined with "hot" bulges rather than pseudo-bulges in mind in the first place. It can be observed that density wave theory still expects that pitch angle should depend on the central mass of the galaxy, regardless of whether or not the galaxy has a bulge or pseudo-bulge (Roberts et al. 1975) . Unfortunately, it is not always trivial to determine which spirals have pseudo-bulges, but it is worth noting that four of the sample used in defining the M-P relation in Berrier et al. (2013) are specifically classified by Kormendy et al. (2011) as pseudobulges. In addition, Kormendy et al. (2011) feel that a Sér-sic index of two can be a good indication that a galaxy has a pseudo-bulge. Berrier et al. (2013) report Sérsic indices for the majority of the galaxies used in their determination of the M-P relation and roughly half of them have Sérsic indices less than two. Thus, there are some grounds for expecting that the M-P relation may work about as well for pseudo-bulges as for galaxies with classical bulges.
In this paper, we present our determination of the BHMF for local spiral galaxies. We conducted our analysis from a statistically complete sample of local spiral galaxies by measuring their pitch angles using the method of Davis et al. (2012) and use the well-established M-P relation (Berrier et al. 2013 ) to convert the pitch angles (P) to SMBH masses (M). The paper is outlined as follows. §2 discusses the importance of spiral galaxies, our methodology for measuring pitch angles, and presents the M-P relation as found by Berrier et al. (2013) . §3 details our volume-limited sample of spiral galaxies. §4 discusses the results of our pitch angle measurements and their resulting distribution. §5 details the conversion of our pitch angle distribution to a black hole mass distribution. §6 reveals our BHMF for spiral galaxies. §7 provides a discussion on the implication of our results. Finally, §8 contains concluding remarks and a summary of results. Throughout this paper, we adopt a ΛCDM (Lambda-Cold Dark Matter) cosmology with the best-fit 
METHODOLOGY
Our goal of assembling a BHMF for the local universe is accomplished by using pitch angle measurements to estimate black hole masses. Using a well-defined sample, we can construct a representative BHMF. We have completed pitch angle measurements for a volume-limited set of local spiral galaxies, with the aim of ultimately determining the BHMF for the local universe,
where N is the number of galaxies and M is SMBH mass. The pitch angle measurements for the volume-limited sample give us ∂N ∂P , while ∂P ∂M for spiral galaxies in the local universe has already been discussed and evaluated in the literature (Seigar et al. 2008; Berrier et al. 2013 ).
How We Measure Pitch Angle
The best geometric measure for logarithmic spirals is the pitch angle, and this can be measured for any galaxy in which a spiral structure can be discerned, independently of the distance to the galaxy (Davis et al. 2012) . We measure galactic logarithmic spiral arm pitch angle by implementing a modified two-dimensional (2D) fast Fourier transform (FFT) software called 2DFFT to decompose charge-coupled device (CCD) images of spiral galaxies into superpositions of logarithmic spirals of different pitch angles and numbers of arms, or harmonic modes (m). Galaxies with random inclinations between the plane of their disk and the plane of the sky are deprojected to a face-on orientation. Although Ryden (2004) has argued that disk galaxies are inherently non-circular in outline, their typical ellipticity is not large and, as has been shown by Davis et al. (2012) , a small ( 10
• error in inclination angle) departure from circularity does not adversely affect the measurement of the pitch angle. From a user-defined measurement annulus centered on the center of the galaxy, pitch angles are computed for all combinations of measurement annuli, where the inner radius is made to vary by consecutive increasing integer pixel values from zero to one less than the selected outer radius. The pitch angle corresponding to the frequency with the maximum amplitude is captured for the first six non-zero harmonic modes (i.e., for spiral arm patterns containing up to six arms). A mean pitch angle for a galaxy is found by examining the pitch angles measured for different inner radii, selecting a sizable radial region over which the pitch angle is stable. The error depends mostly on the amount of variation in the pitch angle over this selected region. Full details of our methodology for measuring galactic logarithmic spiral arm pitch angle via 2D FFT decomposition can be found in Davis et al. (2012) .
The M-P Relation
The pitch angle of a spiral galaxy has been shown to correlate well with the mass of the central SMBH residing in that galaxy (Berrier et al. 2013) . Thus, using the linear best-fit M-P relation established by Berrier et al. (2013) for local spiral galaxies,
with b = 8.21, δb = 0.16, k = 0.062, and δk = 0.009, we can estimate the SMBH masses for a sample of local spiral galaxies merely by measuring their pitch angles using the method of Davis et al. (2012) . The linear fit of Berrier et al. (2013) has a reduced χ 2 = 4.68 with a scatter of 0.38 dex, which is lower than the intrinsic scatter (∆ = 0.53 ± 0.10 dex) of the M-σ relation for late-type galaxies (Gültekin et al. 2009 ) and the rms residual (0.90 dex) for the SMBH mass-spheroid stellar mass relation for Sérsic galaxies (Scott et al. 2013) in the log M direction. Ultimately, by determining the product of the mass distribution and the pitch angle distribution of a sample with a given volume, we may construct a BHMF for local late-type galaxies.
DATA
In order to quote a meaningful BHMF, it is first necessary to identify an appropriate sample of host galaxies. We have elected to pursue a volume-limited sample; that is, a population of host galaxies that are contained within a defined volume of space and are brighter than a limiting luminosity. For the sake of defining a statistically complete, magnitudelimited sample, we select southern hemisphere (δ < 0
• ) galaxies with a magnitude limit, B T ≤ 12.9, based on the CarnegieIrvine Galaxy Survey (CGS); this results in 605 galaxies (Ho et al. 2011 ). Our sample is selected from galaxies included in the CGS sample, because it is a very complete sample of nearby galaxies for which excellent imaging is freely available (we used a small number of CGS images, whose pitch angles were previously reported in Davis et al. 2012 , other images were obtained from the NASA/IPAC Extragalactic Database (NED)). Using this as our parent sample plus the Milky Way gives us a total of 385 spiral galaxies; we then select only spiral galaxies within a volume-limited sample defined by a limiting luminosity (redshift-independent) dis- -Top: luminosity distance vs. absolute B-band magnitude for all of the spiral galaxies (385) found using the magnitude-limiting selection criteria (B T ≤ 12.9 and δ < 0 • ). The upper limit absolute magnitude can be modeled as an exponential and is plotted here as the solid blue line. The dashed red rectangle is constructed to maximize the number of galaxies in the volume-limited sample. The limiting luminosity distance and absolute B-band magnitude are set to be 25.4 Mpc and −19.12, respectively. Bottom: histogram showing the number of galaxies contained in the box in the top panel as the box is allowed to slide to new positions based on the limiting luminosity distance. Note there is a double peak in the histogram maximizing the sample each at 140 galaxies. The two possible combinations are D L = 25.4 Mpc and M B = −19.12 or D L = 27.6 Mpc and M B = −19.33. We chose to use the former (leftmost peak) because its volume-limiting sample is complete for galaxies with dimmer intrinsic brightness. In total, the two samples differed by only 20 non-mutual galaxies, a difference of ≈ 14%. Complete volume-limited samples were computed for limiting luminosity distances ranging from 0.001 Mpc to 100.000 Mpc in increments of 0.001 Mpc. In addition, we have determined the luminosity function -Luminosity function for the 140 member, volume-limited sample of galaxies obtained from the larger CGS sample. The function is given here (solid blue line) in terms of the probability density function, fit to the results of Equation (7). The function abruptly stops on the dim end due to our exclusion of galaxies with M B > −19.12. Superimposed for comparison is the r-band luminosity functions of z ≈ 0.1 galaxies selected from the Sloan Digital Sky Survey (SDSS) for all galaxy types (Blanton et al. 2003 ) and late types (Bernardi et al. 2013) ; illustrated as green dashed and red dotted lines, respectively. These have all been shifted by B − r = 0.67 mag, the average color of an Sbc spiral (Fukugita et al. 1995) , which is roughly the median Hubble type of both the CGS and our derivative volume-limited sample.
where N is the number of galaxies in the sample for the volume-limited sample in terms of the absolute B-band magnitude of each galaxy and dividing by the comoving volume of the volume-limited sample (see Figure 2) . The overall CGS sample has a luminosity function very similar to that found for the much larger Sloan Digital Sky Survey (SDSS) sample (Blanton et al. 2003) , indicating that it is a representative sample, in addition to being complete or very near complete. The luminosity function for our sample (a subset of the CGS sample) is shown in Figure 2 . Since we imposed a magnitude limit of M B = −19.12 in order to maintain completeness, our luminosity function does not extend below that limit. Above that limit, our function seems very similar, in outline, to the luminosity function of Blanton et al. (2003) or the late-type galaxies from Bernardi et al. (2013) , except for an apparent dearth of spiral galaxies brighter than M B = −22 in the local universe at distances closer than 25.4 Mpc. Additionally, our selection of the volume-limited sample preserved the distribution of Hubble types in the CGS sample, as shown in Figure  3 .
The only notable difference between our luminosity function and that of Blanton et al. (2003) is found at the highluminosity end, where our function falls off more abruptly. The most likely explanation is that this end of the luminosity function is dominated by a small number of very bright spiral galaxies. It is plausible that the volume in which our sample is found is simply too small to feature a representative number of these relatively uncommon galaxies. This fact is obviously of some relevance to our later analysis of our black hole mass function at the high-mass end, since we would expect very bright spirals to have relatively large black holes.
We used imaging data taken from various sources as listed in Table 1 . Absolute magnitudes were calculated from apparent magnitudes, distance moduli, extinction factors, and K-corrections. Only B-band absolute magnitudes were used to create a volume-limited sample. For our local sample, the K-correction can be neglected. Galactic extinction was deter- 4.-Location of galaxies on the southern celestial hemisphere. Galaxies with measurable pitch angles are marked with blue stars and galaxies with unmeasurable pitch angles are marked with red diamonds.
PITCH ANGLE DISTRIBUTION
Pitch angle measurements were attempted for all 140 spiral galaxies in the volume-limited sample according to the method of Davis et al. (2012) . However, pitch angles were successfully measured for only 128 of those 140 galaxies (≈ 91%) due to a combination of high inclination angles (10), disturbed morphology due to galaxy-galaxy interaction (1), and bright foreground star contamination (1). Overall, we achieved good coverage of the southern celestial hemisphere with our measurements (see Figure 4 ) and the unmeasurable galaxies are randomly distributed across the southern sky. Since galaxies must first be deprojected to a face-on orientation before their pitch angle can be measured, it becomes increasingly difficult to measure galaxies where the plane of the galaxy is inclined significantly with respect to the plane of the sky. For edge-on galaxies and galaxies with extreme inclinations, it becomes impossible to recover the hidden spiral structure that is angled away from our point-of-view. Additionally, it becomes difficult to resolve spiral arms for lowsurface brightness galaxies and galaxies which are too flocculent to ascertain definable spiral arms, although we avoided the former problem by deliberately excluding the dimmest galaxies from our volume-limited sample.
All measured data for individual galaxies included in the volume-limited sample are listed in Table 1 . Approximately 55% of the measurable galaxies in the volume-limited sample are observed to have positive pitch angles or clockwise chirality, with the radius of the spiral arms increasing as θ → ∞ (negative pitch angle implies counterclockwise chirality, with the radius of the spiral arms increasing as θ → −∞). This is as expected due to the fact the sign of the pitch angle is merely a line-of-sight effect and thus, should be evenly distributed. Concerning the harmonic modes (see Figure 5 ), the m = 2 mode (two-armed spirals) was the most common mode (41%) and the even modes constituted the majority (66%). The average error on pitch angle measurements is ±4.81
• . NGC 5792 has the highest inclination angle amongst the galaxies with measurable pitch angles from the volumelimited sample, with an inclination angle i = 80.44
•9 with respect to the plane of the sky. It is important to note that this (Paturel et al. 2003) . ( is an extreme case, and that pitch angle recovery is usually not possible for galaxies with this inclination. Only galaxies with very high resolution images, like NGC 5792, can hope to have their pitch angles determined when they are so highly inclined. Usually, a more reasonable inclination limit is i 60
• for galaxies with average or less than average resolution. Using NGC 5792's inclination angle as a predictor of measurable inclined galaxies, the percentage of randomly inclined galaxies that would satisfy i ≤ 80.44
• is ≈ 89%. This is very similar to the percentage of the volume-limited sample that we were able to measure. Of the unmeasurable 12 galaxies, 10 were too highly inclined to measure, 1 galaxy (NGC 275) ) and a probability density function (PDF; solid blue line) fit to the data. The pitch angle distribution is a "binless" histogram that we modeled by allowing each data point to be a Gaussian, where the pitch angle absolute value is the mean and the error bar is the standard deviation. The pitch angle distribution is then the normalized sum of all the Gaussians. The resulting PDF is defined by µ = 21.44 • , median = 20.56 • , σ = 9.85 • , skewness = 0.58, kurtosis = 3.47, and a most probable pitch angle absolute value of 18.52 • with a probability density value of φ = 0.042 deg −1 .
was overly disturbed due to galaxy-galaxy interaction, and 1 galaxy (NGC 988) was blocked by a very bright foreground star. Due to the random nature of the unmeasurable galaxies, we still consider our volume-limited sample analysis to be statistically complete.
In an effort to minimize the effect of Eddington bias (Eddington 1913) on our data as a result of binning, we have created a nominally "binless" pitch angle distribution from our sample of 128 galaxies, each with their individual associated errors in measurement (see Figure 6 ). To do this, we constructed a routine to model each data point as a normalized Gaussian, where the pitch angle absolute value is the mean and the error bar is the standard deviation. Subsequently, the pitch angle distribution is then the normalized sum of all the Gaussians. From the resulting pitch angle distribution, we were able to compute the statistical standardized moments -Black hole mass distribution (dashed green line) and a PDF (solid blue line) fit to the data. The black hole mass distribution is a "binless" histogram that we modeled by allowing each data point to be a Gaussian, where the black hole mass (converted from pitch angle measurements via Equation (6)) is the mean and the error bar is the standard deviation. The black hole mass distribution is then the normalized sum of all the Gaussians. The resulting PDF is defined by µ = 6.88 dex M ⊙ , median = 6.94 dex M ⊙ , σ = 0.67 dex M ⊙ , skewness = −0.59, kurtosis = 3.61, and a most probable SMBH mass of log(M/M ⊙ ) = 7.07 with a probability density value of φ = 0.63 dex −1 . of a probability distribution; mean (µ), variance (σ 2 , quoted here by means of its square root, σ, the standard deviation), skewness, and kurtosis by analyzing the distribution with bin widths equal to the maximum resolution of our pitch angle software, 0.01
• . Furthermore, the dimensions of the derived data array were scaled by a factor of 10 5 to effectively smooth out the data and give the appearance of a "binless" histogram.
In addition, we also fit a probability density function (PDF) 10 to the pitch angle distribution, according to the computational results of the statistical properties of the sample (µ = 21.44
• , median = 20.56
• , σ = 9.85
• , skewness = 0.58, and the kurtosis = 3.47). From the skew-kurtotic-normal fit to the data as seen in Figure 6 , it is shown that the most probable pitch angle absolute value for a galaxy is 18.52
• , with an associated probability density value of φ = 0.042 deg −1 . It is interesting to note that the most probable pitch angle is within 1.5
• of the pitch angle (|P| ≈ 17.03
• ) of the Golden Spiral (see Appendix A) and close to the pitch angle (|P| = 22.5
• ± 2.5 • ) of the Milky Way (see Appendix B). The Milky Way is a better representative of the mean pitch angle of the distribution, being only slightly greater than one degree different.
BLACK HOLE MASS DISTRIBUTION
The measured pitch angle values (Table 1 , Column 8) were converted to SMBH mass estimates (Table 1, Column 11) via Equation (6) with fully independent errors propagated as follows:
where δP is the error associated with the pitch angle measurement. Following the procedure for creating the pitch angle distribution (see §4), we produced a similar black hole mass distribution of the masses listed in Column 11 of Table 1 and fit a PDF to the data (see Figure 7) . The resulting PDF, in terms of SMBH mass, is defined by µ = 6.88 dex 10 We use a MATLAB code called pearspdf.m to perform our PDF fittings. REFERENCES.
- (1) M ⊙ , median = 6.94 dex M ⊙ , σ = 0.67 dex M ⊙ , skewness = −0.59, kurtosis = 3.61, and a most probable SMBH mass of log(M/M ⊙ ) = 7.07 with a probability density value of φ = 0.63 dex −1 . Conversion to mass has effectively smoothed out the previous pitch angle distribution (see Figure 6 ), and produced a slightly more pointed (higher kurtosis) distribution. This smoothing is due to propagation of errors through Equation (6), with its errors in slope and Y -intercept, leading to wider individual Gaussians assigned to each measurement with subsequent summation to form the black hole mass distribution in Figure 7 .
Nine galaxies in the sample have independently estimated SMBH masses from the literature (see Table 2 ) and were included in the construction of the M-P relation of Berrier et al. (2013) . Rather than using these masses in our black hole mass distribution or subsequent BHMF, we chose to consistently use masses determined from the M-P relation defined by Berrier et al. (2013) . Our estimated masses agree with the measured masses within the listed uncertainties in all cases, as shown in Table 2 . This is not surprising given that they are included in the Berrier et al. (2013) sample, which is defined by the directly measured masses of these galaxies (amongst others).
It is also worth noting that half a dozen galaxies included in our volume-limited sample harbor nuclear star clusters (NSC) with well-determined masses (Erwin & Gadotti 2012) . The existence of a NSC in a galaxy does not rule out the coexistence of a SMBH and vice versa. For instance, the Milky Way and M31 have been shown to both contain a NSC and a SMBH, all with well-determined masses (Erwin & Gadotti 2012) . It has been shown that NSCs and SMBHs do not follow the same host-galaxy correlations; SMBH mass correlates with the stellar mass of the bulge component of galaxies, while NSC mass correlates much better with the total galaxy stellar mass (Erwin & Gadotti 2012) . Because of this, our implied SMBH masses for these seven galaxies is not equivalent to the known masses of their NSCs, their only known central massive objects (see Table 3 ). By comparing the central mas- Launhardt et al. (2002) ; (2) sive objects in Table 3 , it can be seen that the average NSC mass is higher than the average SMBH mass for this sample; log(M/M ⊙ ) = 7.55 ± 0.16 and log(M/M ⊙ ) = 7.04
Ultimately, Figure 7 provides us with a look at a simple 1:1 conversion from pitch angle to SMBH mass via the M-P relation. Since this only applies to the 128 measurable galaxies (out of the total volume-limited sample of 140 galaxies), it offers the most direct look at the distribution of SMBH masses in the Local Universe. The subsequent section will extend the results into the complete BHMF via extrapolation to the full 140 member volume-limited sample and full treatment of sampling from probability distributions.
BLACK HOLE MASS FUNCTION FOR LOCAL SPIRAL GALAXIES
The pitch angle function φ(P) is defined as
where φ(P)dP is defined to be the number of galaxies that have pitch angles between P and P+ dP. That should be
is the total number of galaxies in the sample. Then the BHMF is
Therefore, by taking the derivative of Equation (6) we find
or
Therefore,
Alternatively, we could calculate NOTE. -Columns: (1) Number of galaxies (measurable 128 SMBHs or an extrapolation for the full volume-limited sample of 140 SMBHs). (2) Through the implementation of Equation (15) 67.77 Mpc 3 ), the pitch angle PDF in Figure  6 can be transformed into a BHMF. Using the probabilities established by the PDF in Figure 6 , we can predict probable masses for the remaining 12 unmeasurable galaxies in the volume-limited sample, in order to extrapolate the BHMF and related parameters for the full sample size. The evaluation of BHMF with the summation of all SMBH masses and total densities for both the measurable sample of 128 SMBHs and the extrapolated full volume-limited sample of 140 SMBHs are listed in Table 4 .
In order to determine errors on the calculated late-type BHMF, we ran a Markov Chain Monte Carlo (MCMC) sampling 11 of the late-type BHMF. The sampling consisted of 10 5 realizations for each of the 128 measured galaxies, with pitch angles randomly generated from the data with a Gaussian Distribution within 5σ of each measured pitch angle value. In addition, the fit to the M-P relation (Equation (6)) was also allowed to vary based on the intrinsic errors in slope and Yintercept, which again assumes a Gaussian distribution around the fiducial values. Ultimately, SMBHs are determined from pitch angle values using both the fiducial and randomly adjusted fit. Comparison between the two samples allowed us to represent the fit to the late-type BHMF with error regions. We display the results both as a PDF and a cumulative density function (CDF) fit to the data (see Figure 8) . The plotted data for Figure 8 (top) is listed for convenience in Table 5 . The location of the peak and its value for the MCMC PDF are log(M/M ⊙ ) = 7.07 dex −1 , respectively. Additionally, we provide a proportional plot for Figure 8 (top), in terms of the product of the BHMF probability density and the SMBH mass (φM), showing the contribution by the SMBH mass to the cosmic SMBH mass density (see Figure 9) .
Since the role played by the intrinsic error in the M-P relation is of particular interest, we also adopted the procedure described in (Marconi et al. 2004 ) (see Equation (3) of that paper and the surrounding discussion) which convolves the distribution function of (in our case) pitch angles in our sample with a Gaussian distribution representing the intrinsic scatter of the M-P relation. Since the true intrinsic scatter of this re- with the best fit model PDF (solid red line) surrounded by a ±1σ error region (gray shading). When integrated, the area under the curve yields the number density for the entire volume-limited sample, 4.15 × 10 −3 h 3 67.77 Mpc −3 . The plotted data for the top panel is listed for convenience in Table 5 . Bottom: MCMC sampling of the late-type BHMF with the best fit model CDF (solid red line) surrounded by a ±1σ error region (gray shading). The CDF visually depicts the integration of the above PDF in the top panel from M = 0 until any desired reference point. Here, Φ is used to indicate an integrated probability, elsewhere φ is used to indicate a probability density. The upper asymptote approaches the number density for the entire volume-limited sample, 4.15 × 10 −3 h 3 67.77 Mpc −3 .
lation is unknown, we simply used the maximum dispersion of 0.38 dex found in (Berrier et al. 2013) . In reality, the intrinsic dispersion is presumably somewhat less than this, since at least some of the scatter found in that paper must be due to measurement errors (of both pitch angle and black hole mass). The result of this calculation is a mass function that is broader than that discussed previously because we allow for the pos- -Contribution by the SMBH mass to the cosmic SMBH mass density (solid red line) surrounded by a ±1σ error region (gray shading). This plot is proportional to Figure 8 (top), in that this is the product of the BHMF and the SMBH mass (φM). When integrated, the area under the curve for this plot yields the SMBH mass density, ρ = 5.54 +6.55 −2.73 × 10 4 h 3 67.77 M ⊙ Mpc −3 .
sibility that some galaxies are misplaced due to an intrinsic uncertainty in translating from a pitch angle measurement to a black hole mass. The natural result is to broaden the mass function, as compared to one with no intrinsic dispersion assumed. In Figure 10 , we see that on the low-mass side this calculation agrees very well with the outer 1σ error region from the MCMC calculation. This is not surprising since both the convolution technique and the MCMC calculation account for intrinsic dispersion as well as measurement error in pitch angle. It is evident that the zero intrinsic dispersion BHMF is very similar to the MCMC BHMF, except for the abrupt stop of the zero intrinsic dispersion BHMF at log(M/M ⊙ ) = 8.21, due to the Y -intercept of the M-P relation. On the high-mass side, the convolution technique actually broadens the mass function even more and this is significant, as we will see in the next section, in view of comparisons to be made with mass function derived from other techniques.
DISCUSSION
Compared to the attention focused on the early-type mass function, there have been notably less efforts to estimate the local BHMF for spiral or late-type galaxies.
12 Even studies that produce a BHMF for all types of galaxies will often use a different procedure for producing the late-type portion of it. An example is that of Marconi et al. (2004) , which uses a velocity dispersion relation for early-type galaxies in the SDSS based on actual measurements of σ. They include a BHMF for all galaxy types as well, from which one can deduce their late-type BHMF (see Figure 11) . Their data for late-type galaxies is based on a velocity dispersion function given by Sheth et al. (2003) , who appear to define late types as being spiral galaxies, as we do, including lenticulars with the early types. They make use of the Tully-Fisher relation (Tully & Fisher 1977) to convert the luminosity function of late types in the SDSS into a function of the circular velocities of these galaxies (meaning that the typical rotational velocity of each of their galactic disks) and then use an observed and expected correlation between these circular velocities and 12 One must say a word, at this point, on the question of whether lenticular galaxies (Hubble Type S0) should be included with early types or late types. Generally, in the BHMF literature they are counted as early types. This is understandable, since it is probably more straightforward to apply bulge-related correlations, such as M −−σ to them than it is for spiral-armed galaxies. Since they have no visible spiral arms, they are clearly unsuitable for our method. We obviously do not include lenticulars in our mass function. We also do not include edge-on galaxies but this should surely be randomly selected and our luminosity function does not show any sign of a systematic loss. (2009) is derived using a relationship between SMBH mass and the luminosity of the host galaxy spheroid, applied to a dust-corrected sample of 312 late-type galaxies from the Millennium Galaxy Catalogue in the redshift range 0.013 ≤ z ≤ 0.18. The peak of our BHMF is located at log(M/M ⊙ ) = 7.06, whereas theirs is located at log(M/M ⊙ ) = 7.50. However, Vika et al. (2009) consider BHMF data for log(M/M ⊙ ) < 7.67 to be unreliable because it is derived from galaxies with M B > −18, according to their relationship. Note that our entire sample consists of galaxies with M B ≤ −19.12.
the velocity dispersion (σ) of their bulges to obtain a velocity dispersion relation for late types. Marconi et al. (2004) then invoke the M-σ relation to convert this into a BHMF. It is worth noting the number of steps involved in this process and the fact that the final product does not incorporate any data from the SDSS beyond the luminosity function of the galaxies involved. It is obviously encouraging that the results of Marconi et al. (2004) agree so well with our mass function (assuming zero intrinsic dispersion in the M-P relation) at the high-mass end (see Figure 11 ). We cannot compare at the low-mass end, where Marconi et al. (2004) do not provide any data.
In Figure 11 , we also compare to the work of , which is based on measurements of the Sérsic index of the galactic bulge. As can be seen in Figure 11 , it is difficult to interpret the data of for late-type galaxies and this may be due to the increased difficulty in extracting Sérsic index values for this type of galaxy, where one must disentangle multiple galactic components (disk and often bar) in order to obtain the Sérsic index (A. Graham 2012, private communication) . Our numbers agree far better with those found in Marconi et al. (2004) .
An example of more recent work with which we can compare is the late-type BHMF presented in Vika et al. (2009) , which is based upon measurements of bulge luminosities in late-type galaxies in the SDSS. Figure 11 also compares our BHMF with theirs. At the very high-mass end our mass func-tion, allowing for the intrinsic dispersion of the M-P relation, it comes quite close to the mass function of Vika et al. (2009) . At the middle and low-mass end, in contrast, their mass function is far below what we find. Vika et al. (2009) use the SDSS while our sample is based upon the selection in the CGS, which is considerably more local. Our most distant galaxy has (in our cosmology) a redshift of 0.00572. Their nearest galaxy has a redshift of 0.013 and their most distant is close to z = 0.18. They have 312 objects in their late-type sample, we have roughly half that. However, the volume of their sample is considerably larger than ours (≈ 41 times), so we would expect more late-types in theirs if they were sampling the same types of galaxies as ours. Given that their sample 13 is more distant, it seems likely that they are missing the dimmer galaxies, which would tend to explain the relative scarcity of smaller black holes in their BHMF. On the other hand, their much larger sample volume makes it more likely that they have observed the brighter spirals that may be missing from our sample, based on the luminosity function comparison shown in Figure 2 .
Comparing the Vika et al. (2009) late-type mass function with ours (from Figure 11) , we are struck overall by the generally good agreement we find. Although there is some disagreement between Marconi et al. (2004) and Vika et al. (2009) at the high-mass end, the comparison with our results sheds some light on a possible reason. We agree very closely with Marconi et al. (2004) when assuming no error in the M-P relation, and are quite close to Vika et al. (2009) when we assume that all of the scatter in the M-P relation is due to an intrinsic dispersion in that correlation. Since presumably at least some of that scatter is merely due to measurement error in either M or P, it is natural to expect that the true SMBH at the high-mass end falls somewhere between the curves given by Marconi et al. (2004) and Vika et al. (2009) . It should be kept in mind that the evidence of a deficit in very bright spirals in our volume-limited sample does lend credence to the view that the final result may be close to the line given by Vika et al. (2009) at the very high-mass end. However, in addition, the fact that the high-mass end of the black hole spectrum is dominated by a relatively small number of large objects is one explanation of why a certain level of disagreement is not altogether unexpected in this regime. In short, it looks as if Marconi et al. (2004) and Vika et al. (2009) each fall at opposite limits of our error bars in this regime, which suggests that none of the three results are in severe conflict with each other.
In the low-mass end, there is much less data with which we can compare. Vika et al. (2009) disagree strongly with us on the low-mass end. Their data is based on a sample drawn from the SDSS, which covers a much larger volume of space than our sample, which is based on the most local part of the CGS. In spite of this, Vika et al. (2009) have only twice as many late-type galaxies in their total sample as we do. It seems likely that Vika et al. (2009) miss many galaxies because they are too dim to be easily observed at the greater range of their sample. This could explain the fact that we see far more smaller black holes than they do. Therefore, we conclude that we are not yet in a position to compare with any similarly complete surveys in this particular regime. The good agreement we enjoy with other results at the high-mass end obviously gives grounds for optimism on the low-mass 13 uses the same parent sample, the Millennium Galaxy Catalogue, but uses only 230 late-type galaxies. -Visualization of all-type BHMF mass functions generated by the addition of the MCMC PDF of our late-type BHMF with the early-type BHMFs of Marconi et al. (2004) , , and Vika et al. (2009) represented by black triangles, blue stars, and green hexagons, respectively. end. We have made a considerable effort to provide a complete local sample precisely because of our interest in producing reliable data on the low-mass end of the black hole spectrum. Obviously, since we have a luminosity cutoff, we must accept that we could be missing black holes at the low-mass end, black holes which would reside in dimmer galaxies and thus might be expected to be relatively small.
We chose to apply our luminosity cutoff firstly for the sake of completeness, because we cannot see many of the dimmer spiral galaxies that must lie in our cosmic neighborhood (see Figure 1 ). Additionally, we foresee our sample being used to make comparisons with more distant samples, for instance, to study the evolution of the SMBH. It seems likely that those distant samples will not be able to observe these dim galaxies either. Providing a clear luminosity limit may make such comparisons easier. Of course, ultimately we do aim to study the extent to which these dimmer spirals do contribute to the BHMF, but there is an important caveat. It is by no means certain that all such galaxies actually do contain black holes. They have been studied very little and there have been claims that at least some such galaxies do not contain central black holes, but only nuclear star clusters (Ferrarese et al. 2006) . For instance, a large majority of the galaxies used to establish the M-P relation in (Berrier et al. 2013 ) had a black hole with mass greater than 6.5 million solar masses (the lowest mass SMBH in the sample use to define the M-P relation was found in NGC 4395 with log(M/M ⊙ ) = 5.56 +0.12 −0.16 ), so it clear that the relation is much better constrained at the high-mass end than the low-mass end, as with all other such relations. Caution seems to be warranted in exploring this part of the sample and we pass over it in this paper in the face of such uncertainty.
Ultimately, a total BHMF for all types of galaxies is desired. In Figure 12 , we add the MCMC PDF of our latetype BHMF to the early-type BHMFs found in Marconi et al. (2004) , Vika et al. (2009) , and . It is of particular interest to note that all three of these quite varied sources (Marconi et al. 2004 uses σ, Vika et al. 2009 uses bulge luminosity, and uses the Sérsic index to derive their BHMFs) agree near the peak of the BHMF, although there are considerable disagreements on the highmass end. This does suggest that if we could become more confident of the true state of the late-type BHMF, then we would be in a position to have a thorough understanding of the low-mass end of the all-type BHMF.
CONCLUSIONS
Through the application of our established relationship between the mass of central SMBHs and the spiral arm pitch angle of their host galaxies (Berrier et al. 2013) , we have been able to establish a robust BHMF for SMBHs residing in spiral galaxies in the local universe. Berrier et al. (2013) demonstrate that the M-P relation has the lowest scatter of any method currently used to estimate the mass of SMBHs residing in spiral galaxies. Its strength resides in the relationship being statistically tight, relative ease of implementation, and its independence from cosmographic parameters. We have also ascertained the distribution of pitch angles in the local universe, finding that our Milky Way has a pitch angle slightly higher than the average nearby spiral galaxy. Intriguingly, the discovery that the most probable geometry of spiral arms is close to that of the Golden Spiral was a serendipitous result.
We have now implemented the first major use of the M-P relation in this determination. We are encouraged that our estimate of the local mass density of SMBHs in late-type galaxies agrees within order of magnitude with other published values.
14 Our generation of a pitch angle distribution function demonstrates that the most probable mass of a SMBH residing in a spiral galaxy is ≈ 1.16 × 10 7 M ⊙ . This is approximately an order of magnitude less than the most probable mass of a SMBH residing in an early-type galaxy (Marconi et al. 2004 ). Furthermore, our result is consistent with the current galactic evolutionary construct that galaxies evolve across the Hubble Sequence (Hubble 1926 ) from late-type toward early-type galaxies.
The low-mass end of the BHMF presents a number of challenges. Since high-mass black holes are found in more luminous galaxies, they are naturally easier to study since data is easier to acquire. As long as we are interested in local galaxies, this is not an insurmountable obstacle in itself. We have, for the moment, not dealt with the dimmest class of spiral galaxies, for the sake of completeness. Nevertheless, our sample is still peaked at the region (from a million solar masses to 50 million solar masses) that has been identified as the key region within which, if we better understood the local SMBH function, we could learn more about the accretion rates of quasars and AGN in the past. Specifically, it would be possible to constrain the fractions of the Eddington accretion rate at which low-mass or high-mass black holes had accreted in the past (Shankar 2009 ).
14 For instance, consider the values for local SMBH mass density given by and Vika et al. (2009) ; (9.1 ± 4.6) × 10 4 h 3 67.77 M ⊙ Mpc −3 and (8.7 ± 1.8) × 10 4 h 3 67.77 M ⊙ Mpc −3 , respectively. Additionally, we are in rough agreement with the cosmological SMBH mass densities given by and Vika et al. (2009) ; (6.8 ± 3.9) × 10 −7 h 67.77 and (6.8±1.0) × 10 −7 h 67.77 , respectively. Furthermore, we are also in agreement with the universal baryonic fraction locked up in SMBHs residing in spiral galaxies estimated by and Vika et al. (2009) A natural assumption seen in early work on the continuity equation was that all AGN accrete at the Eddington limit. Convenient though this would be for modern astronomers, there is substantial evidence now that it is untrue. If we could assume that all black holes accrete at the same constant fraction of their Eddington limit, then it would be easy to work out the evolution of the BHMF. This is because each quasar luminosity observed would correspond to a given mass of black hole. One could work out the mass and accretion rate of each black hole and determine at what point in the local BHMF it would ultimately appear. However, more realistically, suppose that there is a random distribution about a mean for each black hole, so that for instance, every black hole accretes at a set fraction of the Eddington limit (the mean of the distribution) plus or minus some random amount (determined by the width of the distribution). Then, it follows that some large black holes will in fact accrete at a relatively small rate. When they do, they can be mistaken for smaller black holes accreting at the normal rate or better for a black hole of that size. The result is that if large black holes often radiate at too small a rate, then we will tend to overestimate the number of small black holes and their rate of accretion. It is hard to tell the difference between large black holes underperforming and small black holes over-performing. One way to check is to count the number of small black holes that actually exist today.
As discussed in the previous section, the quantity and results of studies on the BHMF in spiral galaxies leaves much to be desired. We present ours as of particular interest because it is a complete sample within set limits. As such it may prove easier for future studies to compare their results to ours. Even if they have a broader sample, it should be possible for them to compare with our sample within our known limits. Of the other BHMF's available for comparison, it is encouraging that we have good agreement, at the high-mass end, with those of Marconi et al. (2004) and Vika et al. (2009) . This gives us confidence that our numbers our generally reliable and we argue that we thus have the first dependable estimate of the low-mass end of the spiral galaxy black home mass function. Previous studies of the late-type mass function either have acknowledged problems with spiral galaxies , do not cover the low-mass end at all (Marconi et al. 2004) , or do so with a sample which is likely to suffer strongly from Malmquist bias and be very incomplete for dimmer galaxies (Vika et al. 2009 ). We hope that our sample will thus be useful to those studying the evolution of the BHMF as a way of constraining the final population of relatively low mass black holes in the universe. One important lesson already stands out. Previous estimates of the low-mass end of the late-type mass function Vika et al. 2009 ) found evidence of far fewer low-mass black holes than we do. Studies based on accretion models (e.g., Shankar et al. 2013 ) and semi-analytic models (e.g., Marulli et al. 2008 ) have presented results which suggest that at the low-mass end of the local BHMF does not fall away at all from the maximum height reached at the high-mass end of the function. Thus there is no peak in the BHMF according to these models, but rather a relatively flat (or even rising) distribution from about 10 8 solar masses downward in mass. Our results are clearly far closer to these models than the earlier observational results were. Therefore, there are grounds to be optimistic that ultimately local measurements of the BHMF will be brought into line with efforts to model its evolution from what is known of quasars in the past.
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APPENDIX

A. THE GOLDEN SPIRAL
The pitch angle for the Golden Spiral (P ϕ ) is determined by starting with the definition of a logarithmic spiral in polar coordinates r = r 0 e bθ ,
where r is the radius, θ is the central angle, r 0 is the initial radius when θ = 0 • , and b is a growth factor such that b = tan(P).
The golden ratio (ϕ) of two quantities applies when the ratio of the sum of the quantities to the larger quantity (A) is equal to the ratio of the larger quantity to the smaller one (B), that is
Solving algebraically, the golden ratio can be found via the only positive root of the quadratic equation with ϕ = 1 + √ 5 2 = 1.6180339887...
The Golden Spiral is a unique logarithmic spiral, defined such that its radius grows every quarter turn in either direction (±π/2) by a factor of ϕ. A simple solution of the pitch angle of the Golden Spiral can be yielded first by application of Equation (A1)
rearranging and taking the natural logarithm |b| = ln ϕ ±π/2 = 0.3063489625...,
and finally application of Equation (A2) yields |P ϕ | = arctan |b| ≈ 17.03239113
Within the errors associated with the M-P relation (Equation (6)), the associated mass of a SMBH residing in a spiral galaxy with pitch angle equal to that of the Golden Spiral and the most probable pitch angle from the PDF in Figure 6 are equivalent with log(M/M ⊙ ) = 7.15 ± 0.22 and log(M/M ⊙ ) = 7.06 ± 0.23, respectively. Perhaps the most famous spiral galaxy, M51a or the "Whirlpool" galaxy, also exhibits spiral arms close to the Golden Spiral with a pitch angle of P = 16.26
• ± 2.36
• (Davis et al. 2012) and an implied SMBH mass of log(M/M ⊙ ) = 7.20 ± 0.26.
The Golden Spiral plays a significant role in both the history and lore of mathematics and art. It is closely approximated by the Fibonacci Spiral, which is not a true logarithmic spiral. Rather, it consists of a series of quarter-circle arcs whose radii are the consecutively increasing numbers of the Fibonacci Sequence. Both the Golden Ratio and Fibonacci Sequence are manifested in the geometry and growth rates of many structures in nature; both physical and biological. It is not surprising, therefore, that spiral galaxies should also have morphologies clustering about this aesthetically appealing case. Another situation similar in superficial appearance occurs in cyclogenesis in planetary atmospheres (e.g., hurricanes). This rate of radial growth is most familiar in the anatomical geometry of organisms. Well-known examples of roughly Golden Spirals are found in the horns of some animals (e.g., rams) and belonging to the shells of mollusks such as the nautilus, snail, and a rare squid which retains its shell, Spirula spirula. Of course, spiral density waves are not required to have pitch angles close to the Golden Spiral. Their pitch angle depends on the ration of mass density in the disk (where the waves propagate) to the central mass. In the case of Saturn's rings, where this ration is far smaller than it is in disk galaxies, pitch angles are measured in tenths of degrees. The fact that spiral arms in galaxies happen to cluster about the aesthetically appealing example of the Golden Spiral may help explain the enduring fascination that images of spiral galaxies have had on the public for decades.
B. THE MILKY WAY
Our own Milky Way has m = 4 and |P| = 22.5
• ± 2.5
• , as measured from neutral hydrogen observations (Levine et al. 2006 ). This implies a SMBH mass of log(M/M ⊙ ) = 6.82 ± 0.30 from the M-P relation, compared to a direct measurement mass estimate from stellar orbits around Sgr A* (Gillessen et al. 2009 ) of log(M/M ⊙ ) = 6.63 ± 0.04. Although our Milky Way does not have a pitch angle close to the most probable pitch angle from our distribution, it is very similar to the mean pitch angle from Figure 6 (µ = 21.44
• ), with an associated SMBH mass of log(M/M ⊙ ) = 6.88 ± 0.25. However, the mean of the black hole mass distribution from Figure 7 is even closer with log(M/M ⊙ ) = 6.72. Our Milky Way is somewhat atypical in that it has four spiral arms, which is only the third most probable harmonic mode for a galaxy (see Figure 5 ).
